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We desribe quantummehanial entanglement in terms of ompat quantum groups. We prove an
analog of positivity of partial transpose (PPT) riterion and formulate a Horodeki-type Theorem.
I. INTRODUCTION
Quantum entanglement has been one of the most
hallenging problems of modern quantum mehan-
is. We briey reall here the denition, referring the
reader to Ref. [1℄ for a omplete overview. We on-
sider a omposite quantum system, omposed of two
subsystems. If the individual systems are desribed
by Hilbert spaes H and H˜, then, aording to the
postulates of quantum theory, the omposite system
is desribed by the tensor produtH⊗H˜. In this work
we will be interested only in those ases when H and
H˜ an be hosen to be nite-dimensional, e.g. for a
pair of spins. A state of the system is represented by
a density matrix ̺, that is a positive operator from
L(H⊗H˜), normalized by tr̺ = 1. In an obvious way,
if ̺ and ˜̺ are states of the individual subsystems, then
the produt ̺⊗ ˜̺ is a state of the ompound system.
And so are onvex ombinations of suh produts:∑
λ
pλ̺λ ⊗ ˜̺λ, pλ > 0. (1)
It turns out, however, that not every state of the whole
system an be represented in the above form [2℄the
state spae of the omposite system is stritly larger.
Those states whih admit the above representations
are alled separable or lassially orrelated and those
whih do notentangled. Intuitively, entangled states
reet a very strong orrelation between the subsys-
tems. So strong that it even violates a ertain loality
priniple [3℄. From a more pratial point of view,
entanglement is a resoure for quantum information
proessing, e.g. for teleportation, omputation, ryp-
tography [1℄. However, the question of an eient
haraterization of entangled states turned out to be
a very hard task: despite many attempts, this problem
still does not possess a satisfatory solution [1℄.
In previous works we proposed [4℄ and developed
[5℄ a novel method of studying (generalized) entan-
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glement using abstrat harmoni analysis on ordinary
ompat groups. The ore of the method is identi-
ation of the Hilbert spaes desribing the system
with representation spaes of some ompat groups.
Then with the help of Fourier transform we swith
from density matries to ontinuous positive denite
funtions on diret produt of the groups and dene
and study entanglement in terms of those funtions.
The main result of that approah [5℄ is a Horodeki-
type Theorem [6℄, haraterizing entanglement of pos-
itive denite funtions in terms of positive deniteness
preserving maps of ontinuous funtions.
In this note we show how the above lassial analysis
an be extended to ompat quantum groups (CQG).
II. COMPACT QUANTUM GROUPS AND
THEIR DIRECT PRODUCTS
We begin with the notation and briey reall some
basi fats. We follow the approah of Woronowiz [7
9℄. Let (A,∆A) and (B,∆B) be two ompat quan-
tum groups, where A,B are unital C∗-algebras and
∆A,∆B are the oproduts. Let {uα} and {vβ} be
the omplete families of irreduible unitary orepre-
sentations of (A,∆A) and (B,∆B) respetively. Just
like in the lassial theory, all suh orepresentations
are nite-dimensional [8℄. We denote by Hα and H˜β
the arrier Hilbert spaes of uα and vβ respetively,
so that uα and vβ are unitary elements of L(Hα)⊗A
and L(H˜β) ⊗ B respetively. Fixing one and for-
ever orthonormal bases {eαi }i=1,...,nα , nα = dimHα
and {e˜βk}k=1,...,mβ , mβ = dimH˜β in eah arrier spae
Hα and H˜β , uα, vβ an be identied with nα × nα
and mβ × mβ , matries [uαij ], [vβlk] with entries in A
and B respetively. They satisfy omultipliation rule:
∆Au
α
ij =
∑
r u
α
ir ⊗ uαrj , and analogously for ∆Bvβlk.
Let A (B) be a linear span of all matrix elements
uαij (v
β
kl) of all irreduible orepresentations of (A,∆A)
(respetively (B,∆B)). This is an analog of the alge-
bra of polynomial funtions on an ordinary group. It is
a dense ∗-subalgebra of A (B), losed with respet to
the omultipliation, and arrying struture of a Hopf
2algebra [8, 11℄. We reall (see e.g. [8℄) how ounit and
oinverse (antipode) maps, dened on the above Hopf
algebra, at respetively on the matrix elements:
εA(u
α
ij) = δij , κA(u
α
ij) = u
α ∗
ji , (2)
and similarly for εB, κB dened on B.
The main objet of our study will be a diret prod-
ut:
(A,∆A)× (B,∆B) = (A⊗B,∆), (3)
∆ := (id⊗ σAB ⊗ id)(∆A ⊗∆B), (4)
where σAB : A⊗B → B ⊗A is the ip operator, and
the tensor produts are the minimal ones. The om-
plete family of unitary irreduible orepresentations
{U} of (A⊗B,∆) an be hosen in the following form:
U
αβ
ikjl := u
α
ij ⊗ vβkl, (5)
given by (nαmβ)× (nαmβ) matries with entries from
A ⊗ B (note the labeling). Using denition (4) we
hek that they satisfy the right omultipliation rule:
∆Uαβikjl =
∑
r,s
U
αβ
ikrs ⊗ Uαβrsjl. (6)
The Hopf algebra, assoiated with the diret produt
(3)-(4) is given by the algebrai tensor produt A⊗
alg
B. The ounit and oinverse are naturally dened on
it by
ε := εA ⊗ εB, κ := κA ⊗ κB. (7)
III. QUANTUM FOURIER TRANSFORMS
OF DENSITY MATRICES
Let us onsider density matries ̺ on Hα⊗H˜β, i.e.
̺ ∈ L(Hα ⊗ H˜β), ̺ > 0, tr̺ = 1. We perform the
following transform (f. Refs. [4, 5℄ and see [10℄):
̺ 7→ ˆ̺ :=
∑
i,...,l
̺ikjlU
αβ
jlik = (tr⊗ id)̺Uαβ (8)
whih assoiates with ̺ an element of A ⊗
alg
B. The
indies i, j refer here to the Hilbert spae Hα, while
k, l to H˜β (f. denition (5)). Before desribing entan-
glement, we show how positivity and normalization of
̺ are enoded in ˆ̺.
Sine, by denition (f. Eqs. (2), (7)), ε(Uαβikjl) =
εA(u
α
ij)εB(v
β
kl) = δijδkl we obtain that:
ε(ˆ̺) = tr̺ = 1. (9)
To desribe the positivity property, let h = hA ⊗
hB be a unique Haar measure on the produt (A ⊗
B,∆) [7℄. For onveniene we dene the following
funtionals on A⊗B: ah(b) := h(ba), ha(b) := h(ab),
a, b ∈ A ⊗ B. Then ˆ̺ satises an analog of positive
deniteness:(
a∗hκ⊗ ha)∆ˆ̺> 0 for any a ∈ A⊗B. (10)
Note that from denitions (2), (5), and (7)),
κ(Uαβikjl) = U
αβ ∗
jlik .
To prove statement (10), we rst use Eq. (6) and
then the above quoted property of the oinverse:(
a∗hκ⊗ ha)∆ˆ̺ =
=
∑
i,...,l
̺ikjl
∑
r,s
h
(
κ(Uαβjlrs)a
∗)h(aUαβrsik)
=
∑
r,s
∑
i,...,l
̺ikjlh
(
U
αβ ∗
rsjl a
∗)h(aUαβrsik)
=
∑
r,s
∑
i,...,l
̺ikjlh
(
aU
αβ
rsjl
)
h
(
aU
αβ
rsik
)
≡
∑
r,s
〈ψrs|̺ψrs〉 > 0, (11)
where ψrs :=
∑
i,k h
(
aU
αβ
rsik
)
eαi ⊗ e˜βk ∈ Hα⊗H˜β, with
the overbar denoting omplex onjugate. We used
the identity h(a∗) = h(a) and by 〈·|·〉 we denote the
standard salar produt in the orresponding Hilbert
spaes.
The main weakness of the proposed denition of
positive deniteness (10) is that it an be formulated
only on the respetive Hopf algebras, sine generally
oinverse annot be prolonged to the whole of the
quantum group. One possible way out is to take norm-
losure in A⊗B of the set of positive denite elements.
However, for the purpose of this note we will not on-
sider suh a losure and ontinue with purely algebrai
onsiderations.
Consider a separable ̺ ∈ L(Hα⊗H˜β), i.e. a density
matrix ̺ representable as the following nite onvex
ombination:
̺ =
∑
λ
pλ̺
α
λ ⊗ ̺βλ, ̺αλ , ̺βλ > 0. (12)
Then its transform ˆ̺ is also separable, that is [12℄:
̺̂=∑
λ
pλ ˆ̺
α
λ ⊗ ˆ̺βλ, (13)
where for all λ, ˆ̺αλ ∈ A and ˆ̺βλ ∈ B satisfy the nor-
malization (9) and the positive deniteness (10) on-
ditions on (A,∆A) and (B,∆B) respetively.
We would like to have the onverse of the above
fat. To that end we onstrut an inverse (in some
sense to be laried later) of the transformation (8).
Let Fα, respetively F˜ β , intertwine the seond on-
tragredient representation uαcc := (id ⊗ κ2A)uα with
uα, respetively vβcc with vβ [7, 11℄:
(id⊗ κ2A)uα =
(
Fα ⊗ id)uα((Fα)−1 ⊗ id), (14)
(id⊗ κ2B)vβ =
(
F˜ β ⊗ id)vβ((F˜ β)−1 ⊗ id). (15)
3Operators Fα, F˜ β are invertible, positive and
uniquely xed by the ondition: trFα = tr(Fα)−1 >
0, and analogously for F˜ β [8, 11℄. Then Fαβ :=
Fα ⊗ F˜ β > 0 intertwines (id ⊗ κ2)Uαβ with Uαβ .
Now, given an arbitrary a ∈ A⊗B we dene for eah
α, β an operator aˆ(αβ) on Hα ⊗ H˜β by [8, 9℄:
aˆ(αβ) := (id⊗ ah) 1√
Fαβ
Uαβ †
√
Fαβ , (16)
aˆ(αβ)ikjl =
∑
m,...,s
(Fαβ)
− 1
2
ikmnh
(
Uαβ ∗rsmn a
)
(Fαβ)
1
2
rsjl.
Sine Uαβ is irreduible, transformation (16) is
onto. Reall that matrix element of irreps satisfy de-
formed orthonormality relations [7, 11℄:
hA
(
uα ∗ij u
α′
i′j′
)
=
δαα
′
trFα
(Fα)−1i′i δjj′ (17)
hA
(
uαiju
α′ ∗
i′j′
)
=
δαα
′
trFα
δii′F
α
j′j , (18)
and analogously for the irreps of (B,∆B). Thus:
̺ = (trFαβ)
√
Fαβ ˆ̺ˆ(αβ)
√
Fαβ (19)
and one an reover ̺ from its transform ˆ̺.
Now let a belong to A⊗
alg
B. We show that if a is
positive denite, i.e. satises (f. Eq. (10))(
b∗hκ⊗ hb)∆a > 0 (20)
for any b from A ⊗ B, then aˆ(αβ) > 0 for all
α, β. To better understand the ondition (20), re-
all that for an ordinary ompat group G, when the
relevant C∗-algebra is just the standard C∗-algebra
of ontinuous funtions on G, h(f) =
∫
dgf(g), dg
being the Haar measure on G, (κf)(g) = f(g−1),
f∗(g) = f(g), and (∆f)(g, h) = f(gh), Eq. (20)
is just the standard positive deniteness ondition:∫ ∫
dgdh b(g)b(h)a(g−1h) > 0 (see Refs. [4, 5℄ for the
Fourier analysis of density matries and separability
on ordinary ompat groups).
For more transpareny, let us introdue ompound
indies i ≡ (ik) pertaining to Hα ⊗ H˜β . Sine h is
normalized, h(I) = 1, and h(κ(a)) = a, we an rewrite
h
(
U
αβ ∗
ji a
)
≡ h
(
U
αβ ∗
jlik a
)
as:
h
(
U
αβ ∗
ji a
)
h(κ(I)) = hκ
[
h
(
U
αβ ∗
ji a
)
I
]
=
(
hκ⊗ h)∆
(
U
αβ ∗
ji a
)
=
(
hκ⊗ h)∆Uαβ ∗ji ∆a
=
∑
r
[
κ2(Uαβrj )hκ⊗ hUαβ ∗ri
]
∆a
=
∑
r,m,n
Fαβrm(F
αβ)−1nj
[
Uαβmnhκ⊗ hUαβ ∗ri
]
∆a.(21)
where in the seond line we used the invariane of the
Haar measure:
(
h⊗ id)∆a = h(a)I = (id⊗h)∆a, and
then Eq. (6) and the identities: κ(ab) = κ(b)κ(a),
U
αβ ∗
jlik = κ(U
αβ
ikjl), and nally Eqs. (14)-(15). Substi-
tuting Eq. (21) into the denition (16) we obtain:
aˆ(αβ)ij =
∑
(Fαβ)
− 1
2
im(F
αβ)
1
2
rj(F
αβ)−1nrF
αβ
r′m′ ×
×
[
U
αβ
m′nhκ⊗ hUαβ ∗r′m
]
∆a
=
∑[
(Fαβ)
1
2
sm′U
αβ
m′n(F
αβ)
− 1
2
nj hκ⊗
⊗h(Fαβ)
1
2
r′sU
αβ ∗
r′m (F
αβ)
− 1
2
im
]
∆a
≡
∑
s
[
UFsjhκ⊗ hUF ∗si
]
∆a, (22)
where UF :=
√
FαβUαβ 1√
Fαβ
and we used hermitiity
of Fαβ . Hene, for an arbitrary vetor ψ ∈ Hα ⊗ H˜β :
〈ψ|aˆ(αβ)ψ〉 =
=
∑
s
[∑
j
ψjU
F
sj hκ⊗ h
∑
i
ψiU
F ∗
si
]
∆a
≡
∑
s
(
b∗shκ⊗ hbs)∆a > 0 (23)
by positive deniteness of a (f. Eq.(20)).
Combining the above fats, given by Eqs. (10), (19),
and (23), we obtain the following:
Proposition 1 An operator ̺ ating in the arrier
spae Hα ⊗ H˜β is positive if and only if its transform
ˆ̺ is positive denite, i.e. satises ondition (10).
The ˆ-dual of the above Proposition also holds:
Proposition 2 An element a of the assoiated Hopf
algebra A ⊗
alg
B is positive denite if and only if
aˆ(αβ) > 0 for every irrep α, β.
The proof in one diretion readily follows from Eq.
(23). To prove in the other, observe that, by de-
nition, a ∈ A ⊗
alg
B is a nite linear ombination of
matrix elements U
αβ
ikjl : a =
∑
α,β
∑
i,j a
αβ
ij U
αβ
ji . Then:(
b∗hκ⊗hb)∆a =∑
αβ
∑
i,j,k
a
αβ
ij h
(
bU
αβ
ki
)
h
(
bU
αβ
kj
)
. (24)
If all the matries a
αβ
ij are positive denite, then
the above sums are positive and hene a is
positive denite. But by Eq. (19) aαβ =
(trFαβ)
√
Fαβ aˆ(αβ)
√
Fαβ . 
IV. SEPARABILITY
In an obvious way the notion of separability given
by Eq. (13) applies to an arbitrary element of A⊗
alg
B.
The same remark applies here as to the positive de-
niteness: Sine oinverse κ has generally no extension
4to the whole algebra A ⊗ B, a way of extending sep-
arability to the whole group would be to onsider a
norm-losure in A ⊗ B of the set of separable states.
Again, we will not pursue this line here and will be
satised with purely algebrai fats.
We are ready to prove the following fat, justifying
the use of ompat quantum groups in the study of
entanglement (see Refs. [4, 5℄ for a lassial analog):
Proposition 3 A density matrix ̺ ∈ L(Hα ⊗ H˜β) is
separable if and only if its transform ˆ̺ is separable in
A⊗
alg
B.
The impliation in one diretion we have already
shown (f. Eq. (13)). Now assume that ˆ̺ is separable:
ˆ̺ =
∑
λ
pλaλ ⊗ bλ, (25)
where aλ, bλ are positive denite for eah λ. Then ˆ̺ˆ
is separable too, whih immediately follows from Eqs.
(5), (16), and Proposition 1 applied to aλ, bλ:
ˆ̺ˆ(αβ) =
∑
λ
pλaˆλ(α) ⊗ bˆλ(β), aˆλ(α), bˆλ(β) > 0.
(26)
By Eq. (19):
̺ =
(
trFαtrF˜ β
)√
Fα ⊗
√
F˜ β ˆ̺ˆ
√
Fα ⊗
√
F˜ β, (27)
so ̺ is separable.
Proposition 3 is a nie theoretial separability rite-
rion, that allows to onlude about separability prop-
erties of ̺ is the separability properties of ˆ̺ are known,
and vie versa. So far, we have been in fat mainly ar-
rying over the results know for quantum mehanial
states to their transforms, either on ompat (stan-
dard [5℄ or quantum) groups. Still, having an expliit
separable form of ˆ̺ implies immediately separability
of ̺.
Using the same tehnique, ombined with the fat
that A ⊗
alg
B ∋ a = ∑finiteα,β ∑i,j aαβij Uαβji , where
aαβ = (trFαβ)
√
Fαβ aˆ(αβ)
√
Fαβ , we show the fol-
lowing basi:
Proposition 4 An element a ∈ A⊗
alg
B is separable
if and only if the operators aˆ(αβ) are separable for
every irrep α, β.
By Propositions 1 and 4, positive denite (separa-
ble) elements of the assoiated Hopf algebra generate
a family of positive (separable) operators, ating in
the arrier spaes of irreps of the produt (A⊗B,∆).
Moreover, eah (separable) density matrix an be ob-
tained this way (f. Eq. (19)). Thus, in analogy
with the lassial ase [4, 5℄, a desription of sepa-
rable elements at the level of quantum group would
provide a desription of separable states in all dimen-
sions, where the given quantum group has irreduible
orepresentations. Motivated by this observation we
state:
Denition 1 (CQG Separability Problem)
Given a positive denite element of the Hopf algebra
A⊗
alg
B, assoiated with the group (A⊗B,∆), deide
whether it is separable or not.
Now we derive an analog of positivity of partial
transpose riterion (PPT) [6, 13℄. Note that from the
denition (8) it follows that:
̺̂T =∑
i,j
̺ijU
αβ
ij =
∑
i,j
̺ijκ(U
αβ
ji )
∗. (28)
This suggests the following denition of a transposi-
tion map θ:
θ(a) := κ(a)∗. (29)
Note that, quite surprisingly, θ is a homomorphism
rather than an antihomomorphism of the assoiated
Hopf algebra: θ(ab) = θ(a)θ(b), but, on the other
hand, it is antilinear. From Propositions 1 and 2 we
immediately obtain:
Proposition 5 Let ̺ at in Hα ⊗ H˜β. Then ̺T2 ≥ 0
if and only if (id⊗ θ)ˆ̺ is positive denite.
We prove the following analog of the PPT riterion:
Theorem 1 (Quantum PPT Criterion) If an el-
ement a ∈ A ⊗
alg
B is separable, then (id ⊗ θB)a, or
equivalently (θA ⊗ id)a, is positive denite.
First we need the following fat, whih we prove in
Appendix A.
Proposition 6 If a is positive denite in A and b is
positive denite in B, then a⊗ b is positive denite in
A⊗
alg
B.
Then it is enough to show that if a is positive def-
inite then θ(a) is positive denite as well. Using the
notation ∆a =
∑
(a) a1 ⊗ a2 one obtains:(
b∗hκ⊗ hb)∆θ(a) =∑
(a)
(
b∗hκ⊗ hb)κ(a2)∗ ⊗ κ(a1)∗
=
∑
(a)
h
[
κ
(
κ(a2)
∗)b∗]h(bκ(a1)∗)
=
∑
(a)
h
(
κ(a1)b∗
)
h
[
bκ
(
κ(a2)∗
)∗]
=
∑
(a)
h
(
κ(a1)b∗
)
h(ba2) =
(
b∗hκ⊗ hb)∆a > 0, (30)
where we used anti-omultipliativity of κ (f. Ref. [8℄,
Proposition 1.9): ∆κ = (κ⊗ κ)σ∆ (σ is the ip), and
the identity: κ
(
κ(a)∗
)∗
= a.
Finally, we state the following: [5, 6℄:
Theorem 2 (Quantum Horodeki Theorem)
An element a of the quantum group (A ⊗ B,∆) is
separable if and only if for every bounded linear map
Λ: B → A preserving positive deniteness, (id ⊗ Λ)a
is positive denite.
The proof will be given elsewhere.
5V. A SUq(2) EXAMPLE
Here we present a simple example of the transform
(8). We will onsider a 2 ⊗ 2-dimensional quantum
system in the singlet state:
Ψ− =
1√
2
(|01〉 − |10〉), (31)
where we use Dira notation and |01〉 stands for the
produt of the basis elements e0 ⊗ e˜1, et.
As the underlying groups we hoose two opies of
the quantum deformation of SU(2), i.e. SUq(2). Re-
all [8, 14℄ that SUq(2) is obtained from a universal
∗-algebra generated by two generators a, c satisfying
the relations:
ac = qca, cc∗ = c∗c, ac∗ = qc∗a,
a∗a+
1
q
c∗c = aa∗ + qcc∗ = I, (32)
where q ∈ [−1, 1], q 6= 0. Note that for q = 1 the
resulting algebra is ommutative and one reovers the
standard SU(2) group. Comultipliation is dened
by:
∆(a) := a⊗ a− c∗ ⊗ c,
∆(c) := a⊗ c+ c⊗ a∗, (33)
and oinverse by:
κ(a) := a∗, κ(c) := −1
q
c
κ(c∗) := −qc∗, κ(a∗) := a. (34)
The fundamental orepresentation is given by the uni-
tary matrix:
u =
[
a
√
qc
− 1√
q
c∗ a∗
]
. (35)
It is enough to onsider the fundamental orepresen-
tation of SUq(2) × SUq(2). Thus, as the irrep U we
take u⊗ u. Inserting Eqs. (31) and (35) into Eq. (8)
(and strething the notation a bit) we obtain:
Ψ̂− = 〈Ψ−|u⊗ uΨ−〉
=
1
4
(
a⊗ a∗ + a∗ ⊗ a+ c⊗ c∗ + c∗ ⊗ c). (36)
It is now a highly non-trivial fat, whih follows from
our analysis, that the above element annot be repre-
sented as a onvex ombination of produts of positive
denite elements.
VI. CONCLUSIONS
This paper follows the researh lines of Refs. [4, 5℄
and relates the separability problem in quantum me-
hanis to abstrat problem of separability of posi-
tive denite funtions on ompat groups, and now
on ompat quantum groups. So far we have mainly
"translated" known results from the entanglement
theory to harmoni analysis on the orresponding
groups. In partiular, Proposition 3 of the present
paper point out equivalene of the separability of
the states and their orresponding transforms. We
strongly believe that further studies of harmoni anal-
ysis, in partiular in the ase of nite groups, will al-
low to obtain novel results onerning the separability
problem in quantum mehanis. One of the goals of
this series of papers is indeed to stimulate the interest
of mathematiians and mathematial physiists work-
ing in harmoni analysis in the separability problem.
In the ourse of our analysis we have introdued a
notion of positive deniteness (20). There are natural
notions of positive elements in C∗-algebras, as well as
positive and ompletely positive maps of C∗-algebras.
For ordinary groups, positive denite funtions de-
ne positive funtionals on the onvolution algebra
while positive maps orrespond to positive denite-
ness preserving maps [5℄. In this ontext, note that
ondition (20) an be rewritten as ((hb)∗ ∗ hb)a > 0,
where the onvolution of linear funtionals is dened
as [8℄ (η′ ∗ η)a := (η′ ⊗ η)∆a and the involution as
η∗(a) := η(κ(a)∗).
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APPENDIX A: PROOF OF PROPOSITION 6
Let a, b be positive denite elements from A and B
respetively. We use the notation ∆a =
∑
(a) a1 ⊗ a2,
∆b =
∑
(b) b1 ⊗ b2 For any nite linear ombination
c =
∑
i,k cikc
A
i ⊗ cBk from A⊗B it then holds:(
c∗hκ⊗ hc)∆(a⊗ b) =
=
∑
(a),(b)
(
c∗hκ⊗ hc)a1 ⊗ b1 ⊗ a2 ⊗ b2
=
∑
(a),(b)
h
(
κA(a1)⊗ κB(b1) c∗
)
h(c a2 ⊗ b2)
≡
∑
i,...,l
cikcjlH
A
ijH
B
kl , where (A1)
HAik :=
∑
(a)
hA
(
κA(a1)c
A ∗
i
)
hA(c
A
k a2), (A2)
and analogously for HBjl . Sine a and b are positive
denite, HA and HB are positive denite matries
and so is their tensor produt HA ⊗ HB. Hene,
6∑
i,...,l cikcjlH
A
ijH
B
kl > 0. Sine any c from A ⊗ B
is a norm-limit of linear ombinations of produt el-
ements and Haar measure h is norm ontinuous, we
obtain that
(
c∗hκ⊗ hc)∆(a⊗ b) > 0 for any c.
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